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We propose the use of a powerful algebraic signal processing tool from non-abelian harmonic
analysis (or spectral analysis, see [1]) to address the fundamental question of how to properly
attribute the response to higher order co-variate interactions. Accurate attribution can create
novel features for machine learning models and similar algebraic signal processing methods have
garnered increasing attention from the machine learning community [2, 3, 4]. These techniques have
also been used to extract insight in ranked or partially ranked data in contexts such as committee
voting behavior ([5], economics and consumer choice [6], stability of biomarkers [7] and detecting
supreme court voting blocks [8].

For this paper we specifically consider a data set which consists of m rows of where a fixed set of
n input variables for a given row are measured to be either “on” or “off,” and a response, typically
a continuous value, is recorded. The core questions that arise are 1) How, if any, do subsets of
our n variables affect the response? 2) Do subsets of our n variables interact with each other in a
higher order way that affect the response and can we detect this? The first question is generally
straightforward to address but question two is largely open and much more difficult to answer.

The above setting commonly manifests itself across many applications and to demonstrate
the generalizability of this method we focus on two very unrelated applications: Genetics and
Basketball. In basketball, 5 players (out of a 15 member team) are on the floor at any given time
during a game and total points scored or plus-minus (total points scored minus total points scored
by opposing team) is a natural continuously measured response. The key questions to investigate
are of the form: Is player X good or is he good because he plays alongside Lebron James? More
generally, are there natural synergies between 3 players that is more effective than the same 3
players playing individually? Can we detect this higher order interaction between players from the
data?

The area of genomics is our second example of data in this form. Over the past several decades,
thousands of Single Nucleotide Polymorphisms (SNPs) have been associated to diseases and other
complex traits [9]. Single letter mutations of genes, SNPs, are measured (“on” or “off”) and a
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phenotypic response (e.g. cancer/no cancer or increase/decrease in hemoglobin count) is recorded.
Statistical analysis typically looks for association between a phenotype and a SNP taken individually
via single-locus tests, though geneticists admit this is an oversimplified approach to tackle the
complexity of underlying biological mechanisms.

Interaction between SNPs, known as epistasis [9], must be considered. Unfortunately, effective
epistasis detection gives rise to significant analytical and computational challenges. Two main
challenges include: 1) the computational complexity of exhaustive approaches to epistasis grows
exponentially and 2) many of the more traditional statistical methods increase type I error associ-
ated with too many hypothesis testing and require Bonferroni-like corrections to partially address
this.

In this paper, we show that the Fourier transform over the associated irreducible representations
of the symmetric group for data in this specific structure yield precise insight into the higher order
interaction and affect on response variables. The key factor to the Fourier transform success in
both basketball data as well as genomics is the orthogonal decomposition into pure higher order
interactions. In the case of basketball data, we look at the lineup level play-by-play data for the
entire 2015-2016 NBA season. In Figure 1 one can plainly see one large spike in the spectrum in
the pure 3rd order effects space for the Golden State Warriors. This spike has “detected” the well
known synergistic trio of Draymond Green, Stephen Curry and Klay Thompson.

Figure 1: Pure third order effects for the 2015-2016 Golden State Warriors.

In our genomics application, we consider a subset n genetic markers of 1000 indigenous ethnically
Tibetan women from Nepal, adapted to high altitude which was recently considered [10]. To
statistically test all possible genetic marker interactions, we would need to conduct on order of 2n

tests. Our Fourier transform approach on the genetic mutation data yields a few high frequency
spikes that allow us to only conduct a handful of statistical tests. This short list of statistical tests
of which mutations affect phenotype such as hemoglobin count and infant mortality rates and thus
minimizing the need for Bonferroni corrections.

To support the result of these two applications we also use simulated data to show that these
Fourier transform are more accurate than traditional Lasso and Ridge regression techniques for
detecting higher order interactions in data with high signal to noise ratio. These results on the
simulated data provides further robustness of the detection methods found in our two applications.
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