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Abstract

Conditional density estimation (CDE) models can
be useful for many statistical applications, espe-
cially because the full conditional density is esti-
mated instead of point estimates, revealing more
information about the uncertainty of random vari-
ables. In this paper, we propose a new methodol-
ogy called Odds Conditional Density Estimator
(OCDE) to estimate conditional densities in a su-
pervised learning scheme. The main idea is that it
is very difficult to estimate py , and py in order
to have the conditional density py |, but by intro-
ducing an instrumental distribution, we transform
the CDE problem into a problem of odds estima-
tion, or similarly, training a binary probabilistic
classifier. We demonstrate how OCDE works us-
ing simulated data and then test its performance
against other known state-of-the-art CDE meth-
ods in real data. Overall, OCDE is competitive
compared with these methods in real datasets.

1. Introduction

Conditional density estimation (CDE) consists of estimating
the conditional density of a random vector y € R” given
a random vector x € R?, where generally &k = 1. It is
a difficult problem in the sense that the full conditional
distribution py| has to be estimated for many values of x.
In this context, the CDE is a generalization of the regression
problem, where instead of estimating only the expectation
E[y|x], we model the full conditional distribution, which
gives much more information about the uncertainty of the
random variable of interest.

In many statistical applications, though, in particular when
the conditional distribution py |, is well-behaved, i.e. uni-
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modal and symmetric, E[y|x] is generally informative
enough. But, this density is often asymmetric and displays
multi-modality, in which case the full conditional density
would be much more informative. Besides, having a full
density allows us to calculate a diversity of statistical quan-
tities like moments including higher order ones, probability
intervals, quantiles, non-trivial expectations and so on.

In this paper, we propose a novel methodology called Odds
Conditional Density Estimator (OCDE) in order to address
the CDE problem. The idea behind OCDE is that we can
transform the problem of conditional density estimation
into a classification problem that can be solved by training
a binary probabilistic classifier, i.e., neural networks or
gradient boosting algorithms.

2. Related Work

Regarding the problem of estimating a conditional density
Dy|x in an ii.d. context, there have been several previ-
ous methodologies in the literature. At first, the CDE was
introduced by Rosenblatt (1969), whose approach was to es-
timate py y and py with kernel density estimators. However,
kernel methods for density estimations, in general, do not
scale well with the dimension of covariates and sample size.
Several other papers have developed upon this problem with
other approaches such as polynomial regressions (Fan et al.,
1996), least squares (Sugiyama et al., 2010) and quantile
estimation (Takeuchi et al., 2009).

A recent CDE method that overcomes the aforementioned
issues is FlexCoDE (Izbicki & Lee, 2017). This is due
to the fact that this method can transform the CDE prob-
lem into a regression problem, making the CDE to inherit
the properties of the regression method used (for example,
variable selection, regularization and good properties in a
high-dimensional setting). Our work relates to FlexCoDE in
the sense that our method also transforms the CDE problem
into a supervised model training problem, but in our case,
we need to solve a classification problem.

Another interesting CDE method is NN-KCDE (or nearest-
neighbors kernel CDE) (Izbicki et al., 2018). This method
is the usual kernel density estimate using only the points
closest in covariate space to the target point x (Izbicki et al.,
2018). It is possible to tune the number of neighbors hyper-



parameter since the method optimizes the CDE Loss.

Our method relies on directly estimating the density ra-
tio p;—’y using a method called “Probabilistic Classifica-
tion” or sometimes referred as “Logistic Regression based
method” (Sugiyama et al., 2012). Interestingly, Sugiyama
et al. (2010) states that “Logistic Regression based method”
may not be employed for CDE because px y and px do not
share the same domains. We get around this problem by
introducing an instrumental random variable, which makes
the domains match. Given that, our method is an exten-
sion of a method for density estimation presented in Section
14.2.4 of Hastie et al. (2009). For the best of our knowl-
edge, a method with this foundation has not been used for
conditional density estimation yet.

3. Odds Conditional Density Estimator
(OCDE)

In this section, we present the OCDE for multivariate tar-
get vector y and feature vectors x. Suppose we have a
set of data points D = {(x;,y;)}"; sampled indepen-
dently from Py y with probability density function (p.d.f.)
Px,y- Our objective is to estimate py |, using the dataset D.
Suppose that y is a random vector that assumes values in
support(py) C R¥. In order to continue, let us introduce an
instrumental/artificial random variable y with known distri-
bution Py, independent from (x, y), with known p.d.f. py
such that support(py) C support(py ).

See that we can rewrite py|, as follows:

pyix(ylz) = "pi(;’)y) (M
_ py(y) pxy(x,y)

~ py(y) () @
o px,y(mvy)

=py(y) ey (@) (3)

Our objective of estimating py |, can be reduced in estimat-
ing the density ratio 11; =¥ To that end, we adopt the “Proba-

bilistic Classification” method for density ratio estimation
(Sugiyama et al., 2012), which is detailed next. Consider a
random vector (x’,y’) ~ Py y with p.d.f. pyx y and an-
other artificial random variable s ~ Bernoulli(1/2), given
that

px,y(wvy) = px/,y’|s(way|s = 1) (4)

Py (T.Y) = Py yris(@, yls = 0) (5)

That is, s is an indicator variable that tells us if data point

comes from Py y or Py 3. From Bayes rule, it follows that:
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From our original dataset D, we derive another dataset D=
{(@;,9;)},, with values {g;}?_, being instances of ¥.
Then, we create artificial labels for the data points of D
and D, where the first samples receive labels 1 and the
second receive labels 0. In other words, we label samples
according to the variable s. Then, we train a non-linear
binary probabilistic classifier Dy« discriminating samples
from D and D.

Finally, our estimator for the conditional density, OCDE, is
given by

ﬁslx’,y/ (S = 1|.’.C, y)
ﬁs|x’,y’(s = 0|.’13, y)

Pyix(ylz) = py(y) (8)

Some useful information about OCDE are the following:

* Given that py|x y+ should be a good estimate for the
true conditional distribution py -/, we advise practi-
tioners to optimize the binary cross-entropy/log loss
when training or choosing the classifier’s hyperparam-
eters. Depending on the model adopted, probability
calibration might be necessary;

* It can be the case that py |« (y|x) does not integrate to
1 for all possible values of «. To fix this problem, we
can discretize Py|x(y|x) into a histogram' and then
normalize the histogram itself. In practice, we always
adopt this strategy;

* The choice of py is non-trivial. A standard choice
is to assume that y is uniformly distributed in some
reasonable bounded subset of R¥ that can be chosen
according to the training set samples;

¢ In theory, the instrumental random vector y can be
dependent on x, but we do not explore this scenario in
this paper.
4. Experiments
4.1. Toy Experiment

In this experiment, we sample from P, indirectly. If
0; ~ Ul0,2x] and ¢; ~ N(0,1), we use the following
functional forms to sample x; and y,, for 7 = 1,...,n:

'Histograms of 100 or 1000 bins, for example.



x; = 5cos(f;) and y, = 5sin(6;) + ¢;,. Given that we
sample (6;, €;) independently from (6;, €;), if ¢ # j, then
(xi,y;) is also independent from (x;,y;). In this exam-
ple, we assume the instrumental random variables {y, }?* ;
are sample independently from U[—10, 10], hence having a
known p.d.f. In the following, we create the datasets D and
f), with n = 10000, and plot them in Figure 1.
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Figure 1. Real (D) and artificial (ﬁ) datasets used to estimate pyx.
We also plot E[y|x] to show it maps to points in the domain of y
that, in most cases, have no probability density.

We can make two important observations about Figure 1:
(i) for certain values of x € (—5, 5), the conditional density
Py|x is multi-modal and (ii) the expectation E[y|x] maps to
points in the domain of y that, in most cases, actually have
no probability density.

In this experiment, we use the CatBoost Classi-
fier(Prokhorenkova et al., 2017) with default hyperparam-
eters as our binary probabilistic classifier. Figure 2 lets us
see some examples of OCDE estimates for the conditional
distribution while varying the values of x. The distinction
in the modality of the conditional distribution is very clear
when we compare py|«(y[x = 0) against pyx(y|x = 5). We
do not intend to evaluate our model with this toy experiment,
but we have a nice visual intuition that our model incorpo-
rates the change of modality reasonably well in a simple
setup.

Given that we use the CatBoost Classifier as our binary
probabilistic classifier, it is expected that the conditional
density ﬁy‘x is a non-smooth function, which is clear in
Figure 2. It is possible to approximate py|, using the Fast
Fourier Transform (FFT) algorithm for a smoother estimate,
for example.

4.2. Real Datasets Experiments

For the following experiments, 13 regression datasets with
no missing values have been selected from two different
sources?. In these datasets, the target variable is univariate
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Figure 2. OCDE estimates for the conditional distribution of y
while varying the values of x.

while the number of features ranges from 6 to 40. For
each one of the 13 datasets, we repeated the following
pre-processing steps: (i) we kept up to 5,000 data points
per dataset, (ii) normalized each column in every dataset,
stretching values in the interval [0, 1], and (iii) randomly
splitted the data points in a training set (80%) and a test
set (20%). When necessary, we use part of the training set
(20%) as a validation set.

For this series of experiments, we take two approaches
on estimating conditional density. In the first one (Raw),
we directly estimate the conditional density of y. In the
second one (Debiased), we first fit a regressor f(x) =
Ely|x = ] using the training set and then estimate the
conditional density of the residuals ¢ = y— f(x) given x. In
these experiments, the regressor f is a CatBoost Regressor
(Prokhorenkova et al., 2017).

In each of the two approaches, we compare four alternatives
for conditional density estimation: (i) OCDE, (ii) OCDE
(Smooth), (iii) FlexCoDE, and (iv) NN-K. Each algorithm
has the objective to minimize the CDE Loss (Izbicki & Lee,
2017) on unseen data. More details on each one:

* OCDE: We choose the CatBoost Classifier trained with
default hyperparameters and early stopping rounds
equals to 50 as our binary probabilistic classifier. The
instrumental random variable y is uniformly distributed
in the interval bounded by the minimum and maximum
values of the target variable in the training set;

¢ OCDE (Smooth): This estimator is almost identical
to the OCDE. It only differs from the fact that we ap-
proximate ﬁy‘x using the Fast Fourier Transform (FFT)
algorithm. The number of Fourier components mini-
mizes the CDE Loss on the training set;

¢ FlexCoDE: We choose the XGBoost method as the re-
gression method to train FlexCoDE, which was trained
with default hyperparameters. Regarding the Flex-
CoDE itself, we chose 50 as the max basis parameter
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Table 1. CDE Loss (= std. error) obtained by the four alternatives for conditional density estimation in the Raw and Debiased approaches.
In summary, the results presented in this table puts OCDE among the state-of-the-art methods for conditional density estimation.

Raw Debiased

Dataset OCDE OCDE (Smooth) FlexCoDE NN-K OCDE OCDE (Smooth) FlexCoDE NN-K
abalone 67.93+1.15 —-1.00+0.00 —-4.07+0.12 —8.81+0.25 —-4.814+0.03 —4.814+0.03 —4.20+0.06 —4.92+0.05
ailerons 39.14+080 —-1.12+0.00 —-6.40+0.15 —7.81+0.21| —8.07+0.03 —8.08+0.03 —7.44+0.06 —8.08£0.06
bank32nh |(—-25.14+1.19 —-21.89+1.03-26.72+1.39 —11.69+0.42] —-521+0.22 —522+0.23 —4.964+0.19 —4.29+0.28
bank8FM |—10.54 £0.61 —9.73+0.51 —9.444+0.45 —3.08+0.19/-10.63 +0.30 —10.63 +0.42 —897+0.32 —9.03+£0.32
cal housing | —6.03 +0.36 —5.77+0.37 —5.56+0.18 —4.61+0.18] —520+£0.04 —5214+0.04 —5.34+0.08 —5.25+0.06
cpuact |(—15.78+0.79 —14.05+0.58 —14.53 £0.39 —14.37+0.56| —13.13+£0.47 —13.14+0.42 —13.38 +0.30 —14.85 + 0.31
cpusmall [—14.98 +0.75 —13.13+£0.65 —13.18 £0.34 —13.37+0.41| —12.50+£0.31 —12.524+0.32 —12.13 +0.28 —13.28 +0.29
delta ailerons| —5.484+0.24 —5.69+0.20 —9.214+0.23 -13.03 +0.37| —10.69 +£0.06 —10.70£0.06 —11.17+0.13 —12.01 £0.12
elevators 0.82+0.83 —6.79+0.24 —830+0.19 —845+0.32] —889+0.06 —890=+0.05 —8.30+£0.12 —9.59 + 0.06
fried delve —4.00£0.06 —4.00£0.08 —4.194+0.056 -3.30+£0.06] —8.75+0.01 —-8.75+0.01 —-7.82+0.09 —8.66+0.02
puma32H -3.62+0.04 —-3.62+0.05 —-4.96+0.07 -1.79+£0.05| —5.91+0.03 —5.914+0.03 -6.16+0.07 —5.80+0.04
puma8NH —2.28+£0.04 —228+0.05 —-1.894+0.06 —2.06+0.06) —2.32+0.03 —-2.324+0.04 —2.12+0.04 —2.37+0.03
winequality | —2.79+1.78 —13.18+1.01 —26.78 +0.71 —19.25 +£0.47] —2.50+0.03 —2.504+0.03 —14.30 £0.24 —2.92+0.07

and used the tuning procedure provided by its Python
implementation;

¢ NN-K: In this estimator, we performed an extensive hy-
perparameter optimization, specifically for the number
of neighbors and bandwidth level.

Table 1 compares the CDE Loss (& std. error), estimated on
the test set, obtained by the four alternatives for conditional
density estimation in the Raw and Debiased approaches.
In summary, the results presented in Table 1 puts OCDE
among the state-of-the-art methods for conditional density
estimation. Considering that two methods have the same
performance if their error bars intercept, it is possible to see
that OCDE has the best results in 8 datasets, while NN-K
has the best results in 6 datasets, OCDE (Smooth) is the best
in 5 datasets, and FlexCoDE is the best in 4 of them.

The average running times =+ std. deviation (in seconds)
for the four methods are the following: (i) OCDE: 2.26 +
1.97; (ii) OCDE (Smooth): 128.96 £ 47.59; (iii) FlexCoDE:
125.18 4 76.5; (iv) NN-K: 27.36 £ 2.66.

5. Conclusion and Future Work

In this paper, we propose a novel methodology called Odds
Conditional Density Estimator (OCDE) in order to address
the CDE problem. OCDE performed well against competi-
tors in real dataset experiments. Future directions for this
work could be: (i) testing how OCDE performs with differ-
ent sample sizes and target dimensions, (ii) optimizing the
choice of the instrumental random vector y, or (iii) testing
OCDE against other benchmark approaches.
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